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ABSTRACT 

'^t . 

We study one class of linear sigma models and their T-dualized theories for 
noncompact Calabi-Yau manifolds. In the low energy limit, we find that this 
system has various massless effective theories with orbifolding symmetries. This 
Oh phenomenon is new and there are no analogous structures in the models for 

^ \ compact Calabi-Yau manifolds and for line bundles on the simple toric varieties. 
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1. Introduction and Summary 



We constructed metrics on noncompact Calabi-Yau (CY) manifolds in the framework 
of M = 2 supersymmetric nonlinear sigma models £Q. These manifolds are canonical 
line bundles on compact Einstein-Kahler manifolds, whose mirror pairs have not been 
well-known yet. In order to understand the mirror pairs, we first study canonical line 
bundles on hypersurfaces of projective spaces, the proto-types of [T], and their mirror 
pairs in terms of the linear sigma model j2] and its T-dualized theory |3j. First we discuss 
the linear sigma model. If the Fayet-Iliopoulos (FI) parameter is positive, the linear 
sigma model reduces to a supersymmetric nonlinear sigma model whose target space is 
a canonical line bundle on the degree k hypersurface of CP^ -1 , i.e., a noncompact CY 
manifold. When we set the FI parameter to be negative, there appear various kinds of 
orbifolded theories as massless effective theories. Next we study the low energy limit 
of the T-dualized theory of the linear sigma model. We obtain two kinds of Landau- 
Ginzburg (LG) theories with superpotentials including positive and negative powers of 
twisted chiral superfields. Furthermore we construct two kinds of orbifolded noncompact 
CY geometries, which are related to the above two LG theories. 

2. Linear Sigma Model and its T-dualized Theory 

Let us first consider the linear sigma model [2] whose field configuration and chiral 
superpotential are as follows: 3. 



chiral superfield 
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U(l) charge 
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1 -k -N + k 



w = -st, m 

W LSM = Pi-G k (Si) , 1 ; 

where Si, Pi and Pi are charged chiral superfields and E is a twisted chiral superfield 
coming from the gauge multiplet; t is a complex parameter combined with the FI param- 
eter r and the Theta angle 9 such as t = r — iQ\ Gk(Si) is a quasi-homogeneous polynomial 
of degree k written by N chiral superfields Si. h The quasi-homogeneity insists that when 

a We omit the explicit expression of the Lagrangian, see Ref. 0. 
b For simplicity we set 2 < k < N — 1. 



Gk{S) and its derivatives diGk{S) vanish the variables Si are all zero. The above field 
configuration (JTJ) satisfies the "CY condition" such as Q a = N — k — (N — k) = 0. 
Due to this, the FI parameter does not receive one-loop renormalization effects and we 
find that this system is free from the UV divergence through perturbative calculations. 
The potential energy density for the scalar component fields is given by 



2 n 2 N 

U = y{r - E N 2 + fc bi! 2 + ( N - k )\P2\ 2 } + \Gk( Sl )\ 2 + \pi\ 2 ■ J2 \9iGk( Sj )\' 
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Let us analyze classical supersymmetric vacuum manifolds U = and massless effec- 
tive theories on them. When r > 0, we find that the vacuum manifold A^cy is nothing 
but the canonical line bundle on the degree k hypersurface of projective space represented 
as 0(— N + k) — > CP 1 [fc]. In the IR limit e — > oo, the linear sigma model reduces to 
the M = 2 supersymmetric nonlinear sigma model on M.cy- 

In r < 0, the shape of the vacuum manifold drastically changes to a very compli- 
cated one. Furthermore, there exist four massless effective theories on this vacuum space 
expressed in Figure [TJ where WCPj.^, A^^ 1 ^ and Alf 1-0 are defined in (j3J): 



Gfe(si) = o 




wcpi 



(I-l) : 

(1-2) : 

(II-l) : 
(II-2) : 



at (Pi) 0; {P2) = 0, {si} = 0, massless DOF = 

{(sigma model on At^ l7 ^°) 
® (LG theory with W LG = ( Pl )G k (S)) 

at (px) ^ 0, (p 2 ) + 0, (si) = 0, massless DOF = 

{(sigma model on M.^}^ ) 
® (LG theory with W hG = { P i)G k (S)) 

a = GCM{k, N-k} 

at (px) = 0, (p 2 ) + 0, (si) = 0, massless DOF = 
{LG theory with Wlg = -Pi ■ G fc (S)}/Zjv- 

at (Pi) = 0, (pz) 0, (si) ^ 0, massless DOF = 
sigma model on AlJ! 1- ° 
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Figure 1: Four massless effective theories on the vacuum manifold, when r < 0. 



WCPl tN _ h = {(*,*,) eC?|r = -k\ Pl \ 2 -(N- k)\ P2 \ 2 } , M p k ^° = {WCPi :N _ k \ Pl ^0} 
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{(pa, *<) G C* x C N I r - E W 2 + (N - k)\p 2 \ 2 = G k ( Si ) = 0} 



(3) 



Notice the following comments: The LG superpotential Wlg — (Pi)Gk(S) has an isolated 
singularity at Si = 0, but Wlg = -Pi ■ Gf-(S) has no isolated singularities. Thus there may 
be no descriptions for (II-l) as a minimal model. (There still exists a possibility that (II-l) 
could be described as another, but unknown yet, well-defined CFT.) The massless theories 
(1-2) and (II-2) are obtained by deformations of VEVs in (I-l) and (II-l), respectively. 



When k = 2, the massless theories (1-1) and (1-2) reduce to the orbifolded sigma models 
on A4 Pl ^°, because Wlg — (Pi)Gk=2{S) is quadratic and generates mass terms of Si. 

In the classical level, there are no selection rules whether the four (or intrinsically two) 
theories will be realized as the true massless effective theory. However we can consider 
the T-dualized theories of them even in the classical level. 

Now let us briefly discuss the T-dualized theory of the linear sigma model. Under 
T-duality, a chiral superfield $ a in the linear sigma model is replaced by a twisted chiral 
superfields Y a such as 2& a e 2QaV Q a = Y a + Y a . Note that the imaginary part of Y a 
is periodic withjperiod 2n. The T-dualized theory is described by an exact twisted 
superpotential W and the period integral II in terms of Y a and S: 



N N 
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e ( Y i - kY Pi -i N - k ) Y P2 e " Fl + e ~ Ypi + e ~ YP2 ' ( 4a ) 

i=l i=l 

r £ ~ 

n = / d£ Yl dYt dY Pl dYp 2 (feS) exp ( - W) . (4b) 

J »=i 

In the IR limit e — > oo, the dynamics of S is frozen and thus the twisted superpotential 
reduces to = e _Ya with a constraint Q a Y a —t = 0. We always take this procedure 
when we analyze low energy effective theories. Note that there exists the variable A;S in 
(|4E| due to the existence of the superpotential W^lsm in the linear sigma model. 

Here we construct mirror LG theories by replacing £;£ into k-j^ and by performing 
field re- definitions. First we consider the mirror LG theory of the effective theory (1-1) in 
Figure HJ Re-defining Xi = e~k Yi and Xp 2 = e~ ~ Yp 2, we find that the measure in (|4~b"j) 
remains canonical and the twisted LG superpotential becomes 

{w k = x k 1+ --- + x k N + x p ^~ k +dx 1 --- x N x P2 } /(z k f . (5) 

Note that the orbifold symmetry (Z^)^, derived from Y a — > Y a + 2iri, acts on and 
Xp 2 such as Xi — > UiXi and Xp 2 — > u>p 2 Xp 2 , where Ui and ujp 2 satisfy cuf = oj p *~ k = 

k 

oj\ ■ ■ -u>nUp 2 = 1. The negative power term X p ^~ k emerges due to the existence of the 
noncompact direction in the original CY. The similar situation appears when we consider 
the LG theory of the deformed conifold |4j and so on. 

We can also perform another field re-definition X% = e~ N ~ kYi and Xp 1 = e N ~ kYpi 



preserving a canonical measure in (|4bJ). Due to this, we obtain another twisted LG 
superpotential 

{w N - k = X?- k + --- + X%- k + X p ^ h +e^X 1 ---X N X Pi y{1 N „ k ) N . (6) 
Note that the orbifold symmetry {T^N-k^ acts on X^ and Xp 1 such as Xi — > UiXi and 

N-k 

X Pl — > up 1 Xp 1 , where u>i and u Pl satisfy ojf~ k = uj Pi k = u\ ■ ■ ■u N uo Pl = 1. By virtue 
of this orbifold symmetry, we can conjecture that this twisted theory is a mirror LG of 
the low energy theory (II-l) . 

c The generic formulation of the T-dualized action are discussed in Ref. 0- 



Replacing £;£ into in (j4b|) . we obtain two CY geometries. The first one is 

M k = {(Z i; u,v)eC N+2 \T(Z t ) = 0, g(Z b ;u,v) = o}/{C* x{Z k ) N ~ 2 } , 

k n (7) 

T{Zi) = J2 Z a+i )Z i--- z k , G(Z b ;u,v) = Z^ + l-uv, j/j = e t/k Z k+1 ■ ■ ■ Z N , 

a=l b=k+l 

where u and v are complex fields related to the noncompact direction of the original 
CY A^cy; Zi are related to Y{ and (Zk) N ~ 2 acts on Z^ the C* symmetry acts on the 
first k fields Z a . We can read this geometry as a CY geometry, i.e., a (Z^)^ 2 orbifold 
CY hypersurface CP fc_1 [fc] parametrized by ip (this is represented by T = 0) under the 
constraint Q = 0. Similarly we also obtain another CY geometry: 

Mn-u = {(Z q ;u,v)eC N+2 \F(Z a )=0, G(Z i; u,v) = o}/{C* x(Z N - k ) N ~ 2 } , 

k n (8) 

F(Z a ) = J2 z a~ k + 1 , u,v)= Z b~ k + V^fe+i ■■■Z N ,^= (e— - uv)Z 1 ■ ■ -Z k . 

a=l b=k+l 

This is a CY hypersurface CP N ~ k ~ 1 [N — k] parametrized by ip (this is described by G = 0) 
under the constraint F = with orbifold symmetry (Zjv-fe) 
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3. Discussions 



From the viewpoint of orbifold symmetries, it seems that the sigma models on (JI|) and 
the sigma model on (JHJ) are mirror duals of the theories (1-1) and (II-l) , respectively. But 
it is now very hard to check this conjecture and to determine the true mirror geometry 
of the original CY because we have not known how to define topological invariants on 
noncompact geometries. However, we might understand the true vacuum in the linear 
sigma model and evaluate the correct LG theory and CY geometry in the T-dualized 
theory when we evaluate free energies of the low energy effective theories in Figure ^ We 
will explain the above discussions more precisely, and try to solve them in j^]. 
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